1] We present a theoretical and numerical study of linear mode conversion of lower 8 hybrid waves interacting with short-scale density striations in the Earth's ionosphere. The 9 efficiency of the conversion process is investigated for different sets of parameters such as 10 the angle of incidence, the wavelength of the lower hybrid wave, and the size of the 11 striation. It is found that the most efficient whistler generation occurs at a critical angle of 12 incidence where the whistler waves are driven resonantly along the density striations, 13 and when the product of the striation width and the wave number of the lower hybrid wave 14 are of the order unity. It is suggested that whistlers generated as a byproduct of upper 15 hybrid F-region ionospheric heating can be observed on the ground and by satellites. The 16 generated whistlers could be important for the precipitation of energetic electrons in the 17 radiation belts.
We derive next the governing equations for coupled 96 lower hybrid and whistler waves in the presence of density 97 striations. We assume that the ions are unmagnetized since the 98 lower hybrid and whistler frequencies are much higher than the 99 ion gyrofrequency, and that that quasi-neutrality applies.
100
[5] The electromagnetic field is governed by Faraday's 101 and Ampère's equations,
and
105 respectively, where m 0 is the magnetic permeability in 106 vacuum and e is the magnitude of the electron charge. Here 107ñ(x) = n 0 + n str (x) is the zero-order background electron 108 number density, which is composed of the equilibrium 109 density n 0 and the ''striation density'' n str (x). We have 110 neglected the displacement current in equation (2) since the 111 phase speed of the lower hybrid and whistler waves are 112 much smaller than the speed of light.
113
[6] We shall for simplicity consider cold electrons and 114 ions T e = T i = 0, which is valid for wavelengths much longer 115 than the particle's Debye length. The ion dynamics is 116 governed by the linearized ion continuity equation equations @n i1 @t þ r Áñvi ð Þ ¼ 0; ð3Þ 117 and the unmagnetized ion momentum equation
120 where m i is the ion mass. The electrons are governed by the 121 continuity equation
122 and momentum equation
where m e is the electron mass, and B 0 = B 0ẑ is the 126 geomagnetic field directed in the z direction. The assump-127 tion of quasineutrality n e1 = n i1 n 1 combined with the 128 continuity equations leads to the condition
for the velocity fields, and we have the continuity equation
It is now convenient to introduce the ion and electron 133 particle current fields j i1 =ñv i1 and j e1 =ñv e1 , respectively.
134
Then equations (2) -(8) yield
and @n 1 @t þ r Á j e1 ¼ 0:
The mode coupling between the lower hybrid and whistler 145 waves is mediated by theñE-terms in the right-hand sides of 146 equations (10) and (11).
147
[7] In order to cast the slow-timescale equations into a 148 numerically more convenient form, we now add equations (10) 149 and (11), take the divergence of the resulting equation, and 150 use equation (12) to eliminate r Á j i1 . The result is
where we used m I ) m e . On the other hand, taking the 153 double curl of equation (11) yields
where we used the vector identity r Â (r Â j e1 ) = 156 r(r Á j e1 ) À r 2 j e1 . Taking the gradient of equation (14) 157 and subtracting the result from equation (15) yields
XXXXXX ELIASSON AND PAPADOPOULOS: NUMERICAL STUDY OF MODE CONVERSION 2 of 7 XXXXXX 159 We now use that r Â (ñE) = r Â (n str E) + n 0 r Â E = r Â 160 (n str E)Àn 0 @B/@t, to obtain l @ @t
162 The magnetic field is computed from the divergence free 163 part of the electron current in equation (9), as r Â B = 164 m 0 er À2 [r(r Á j e1 )Àr 2 j e1 ], so that equation (17) takes 165 the form @ @t l 2 e r 2 À 1
167 where we used equation (14) to eliminate the r Á j e term, 168 and where l e = c/w pe is the electron skin depth, c is the 169 speed of light in vacuum, w pe = (n 0 e 2 /e 0 m e ) 1/2 is the 170 electron plasma frequency, and e 0 is the electric permittivity 171 in vacuum. The r À2 operator corresponds to k À2 in Fourier 172 space, where k 2 = k y 2 + k z 2 , and where k y and k z are the y and z 173 components of the wavevector. In the pseudospectral method 174 used in the numerical simulations below, we set the Fourier 175 components corresponding to k = 0 to zero in the numerical 176 approximation of r À2 .
177
[8] In order to calculate the beating between the lower 178 hybrid waves and the striations in the n str E-term, we need to 179 determine the electric field. The curl of the electric field is 180 given by equation (1), and we also need the divergence of 181 the electric field to determine it completely. Taking the 182 divergence of equation (10) withñ % n 0 and noting that 183 @r Á j i1 /@t = @r Á j e1 /@t, we replace the time derivative 184 with the right-hand side of equation (14) to obtain
185 where we used that m I ) m e . Using the vector identity 187 r 2 E = r(r Á E)Àr Â (r Â E) together with equations (1) 188 and (19) we obtain 190 Taking the curl of equation (9) with jr Â j i1 j ( jr Â j e1 j 191 and r Á B = 0 yields r 2 B = m 0 er Â j e1 . Solving for B, 192 inserting the result into (20), and eliminating the time 193 derivative with the help of equation (18), gives the electric 194 field as
196 Equation (18), supplemented by equation (21), governs the 197 interaction and mode conversion between lower hybrid and 198 whistler waves in the presence of density striations. (18) as (18) as
where the n str E LH term couples the lower hybrid electric (21) as
while the whistler electric field is in the long wavelength 232 limit jl e 2 r 2 j ( 1 obtained as XXXXXX 244 the whistler waves, so that the whistler waves are driven 245 resonantly along the magnetic field aligned density stria-246 tions. The dispersion relation for lower hybrid waves in the 247 electrostatic limit (l e 2 k 2 ) 1) is given by
249 while that of low-frequency whistler waves (l e 2 k 2 ( 1), 250 propagating parallel to the magnetic field lines, is given by
252 Using k z = kcos(q) and k ? = ksin(q), we obtain from 253 equations (26) and (27) 
255 We note that equation (28) is independent of the magnetic 256 field. 257 
Numerical Results

258
[11] In order to study the coupling between lower hybrid 259 and whistler waves in the presence of magnetic field aligned 260 density striations, equations (22) -(25) are solved numeri-261 cally. We use a rectangular simulation box with periodic plasma frequency is w pe = 4 Â 10 7 s À1 and the electron 287 gyrofrequency is w ce = 8.44 Â 10 6 s À1 .
288
[13] Figure 1 shows the time evolution of a lower hybrid 289 wave interacting with one density striation, and the gener- Figure 1 . Generation of whistler waves by lower hybrid waves in the presence of a density striation, initial condition t = 0 (left), and at t = 0.9 ms (right). The striation n str (a, b) has the width D str = 1 m, has a maximum density depletion of 5% of the background density, and is aligned with the geomagnetic field lines. The y component of the electric field (c, d) shows the lower hybrid wave with the wave number k = 1.5 m À1 and the angle of incidence given by cos(q) = 0.093. The lower hybrid wave envelope is initially centered at y = 20 m, z = À8 km (c). At t = 0.9 ms (d), it has past over the striation and has reached y = À15 m, z ' À3 km. The amplitude of the whistler magnetic field, c|B|, is shown in Figures 1e  and 1f . The whistler waves have a wavelength of $450 m and is propagating along the magnetic field lines in the rightward direction. XXXXXX 290 ation of whistler waves. The striation density, which is 291 aligned with the z axis, is given by
293 where D str is the width of the striation, and n 0,str is the 294 magnitude of the density striation; we use n 0,str = 0.25 Â 295 10 11 m À3 (corresponding to 5% of the background number 296 density n 0 ). The striation width is set to D str = 1 m. As initial 297 conditions for our simulation, we use
j 1y ¼ j 0 y; z ð Þcos k y y þ k z z À Á ; ð31Þ 301 and
303 where the frequency w is given by the lower hybrid 304 dispersion relation (equation (26)), and the amplitude of the 305 wave packet is given as a Gaussian envelope j 0 y; z ð Þ ¼ 10 10 exp À y À 20 ð
307 where the pulse widths are taken to be D y = 10 m and D z = 308 1000 m in the y and z directions, respectively. For the lower 309 hybrid wave, we use the wave number k = 1.5 m À1 and the 310 resonance condition (equation (28)) for the angle, yielding 311 cos(q) = 0.0093, k ? k y = %1.5 m À1 and k z % 0.0138 m À1 . 312 We see in Figure 1 that the lower hybrid wave packet, 313 initially centered at y = 20 m and z = À8 km propagates 314 obliquely (perpendicularly to the wave number) and crosses 315 the striation centered at y = 0. At t = 0.85 ms, it has 316 traversed the striation and has reached y = À15 m, z ' À3 km.
317
During the interaction between the lower hybrid wave 318 and the striation, whistlers have been excited and are 319 propagating along the magnetic field lines in the right-320 ward direction (see Figure 1f ). The whistler waves have a 321 wavelength of 2p/k z % 450 m.
322
[14] In Figure 2 , we repeat the numerical experiment of respectively. The energies are obtained as
where the integrals are taken over the simulation box. We 339 use the same parameters as in Figure 1 , except for the 340 parameters that are varied as described below. In Figure 2a , 341 the wave number is set to 2 m À1 and the angle of incidence 342 q is varied. Here, equation (28) predicts that there will be XXXXXX 343 resonant mode conversion for cos(q) = 0.0093, and that the 344 generated whistler waves will have a wave number k z = 345 0.0138 m À1 corresponding to a wavelength of $450 m. We 346 see in Figure 2a that the maximum efficiency is $3%, and 347 that the efficiency is strongly peaked at cos(q) = 0.0093 as 348 predicted by equation (28). In Figure 2b , we vary the wave 349 number of the lower hybrid wave, while keeping the 350 striation width D str = 1 m constant. We see that there is an 351 optimal conversion of lower hybrid waves when kD str % 352 1.5. In Figure 2c , we vary the striation width D str for a fixed 353 value of k = 1.5 m À1 and observe that there is a maximum 354 conversion efficiency at D str = 1 m. The results of Figures 2b  355 and 2c indicate that there is a maximum generation of 356 whistler waves for D str k % 1.5.
357
[15] The interaction of the lower hybrid wave packet with 358 a collection of striations is studied in Figures 3 and 4 The 359 box size used is L y Â L z = 120 Â 10,000 m, and we used 360 N y Â N z = 300 Â 200 grid points to resolve the solution Here, 361 there are 11 striations randomly spaced between z $ À40 m 362 and z $ 0; see Figure 3 . The parameters are the same as in 363 Figure 1 , where the wave number k = 1.5 m À1 of the 364 lower hybrid wave, together with the resonance condition 365 (equation (28)), gives cos(q) = 0.0093 for the angle of 366 incidence. In the simulation, we observe that the lower hybrid 367 waves initially interact with the density striations to excite 368 whistler waves. The whistler waves, on the other hand, 369 generate lower hybrid waves in the interaction with the 370 density striation. At the end of the simulation, exhibited in 371 the right of Figure 3 , we see that lower hybrid waves have 372 been excited over a large region in space. Figure 3 . Generation of whistler waves by lower hybrid waves in the presence of a collection of density striations, initial condition t = 0 (left), and at t = 1.5 ms (right). The 11 striations (a, b) have a width of D str = 1 m and an amplitude of 5% of the background density, and are randomly spaced and centered at y = À41.88 m, y = À34.63 m, y = À33.86 m, y = À29.83 m, y = À24.19 m, y = À21.82 m, y = À14.39 m, y = À12.53 m, y = À9.65 m, y = À2.51 m, and y = À1.62 m. The initial parameters for the lower hybrid wave are the same as in Figure 1 . The y component of the electric field (c, d) shows the lower hybrid waves at t = 0, centered at y = 20 m, z = À8 km (c), and at t = 1.5 ms (d). The amplitude of the whistler wave magnetic field cjBj is shown in Figures 3e and 3f . Figure 3 . The total energy W tot = W e + W i + W B is almost constant throughout the simulation. Energy is initially (t < 1.25 ms) converted from lower hybrid wave into magnetic energy of the whistler wave, but at later times (t > 1.25 ms) some of the whistler wave energy is converted back to lower hybrid wave energy.
